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TOPIC: CONTINUITY AND DIFFERENTIABILITY

Gist of the lesson:

This chapter is essentially a continuation of our study of differentiation of functions in Class XI. We had
learnt to differentiate certain functions like polynomial functions and trigonometric functions. In this chapter,
we introduce the very important concepts of continuity, differentiability and relations between them. We will
also learn differentiation of inverse trigonometric functions. Further, we introduce a new class of functions
called exponential and logarithmic functions. These functions lead to powerful techniques of differentiation.
We illustrate certain geometrically obvious conditions through differential calculus. In the process, we will
learn some fundamental theorems in this area.

Continuity:

We start the section with two informal examples to get a feel of continuity. Consider the function.
(1,if x<0 X

(x) =1 y=f ()
[2,if x>0 0.2)

This function is of course defined at every point of the real line. X' » X

Graph of this function is given in the Fig Y’

Example 1 Check the continuity of the function f given by f(x) = 2x + 3 at x = 1.

Solution First note that the function is defined at the given point x = 1 and its value is 5. Then find the limit of
the function at x = 1. Clearly

lim,_ 2x + 3 = f(1) = 5, Hence f(x) is continuous at x=1.

Example 2 Find all the points of discontinuity of the function f defined by

Solution As in the previous example we find that f is continuous
at all real numbers . The left hand limit of fatx = 1 is Y

(1,3)

LHL=limy-X+2=3

Since, the left and right hand limits of f at x = 1 do not coincide, f
is not continuous at x = 1. Hence x = 1 is the only point of
discontinuity of f. The graph of the function is given in the Fig
Since, the left and right hand limits of f at x = 1 do not coincide, f
is not continuous at x = 1. Hence x = 1 is the only point of T
discontinuity of f. The graph of the function is given in the Fig v




Example 3 Find all the points of discontinuity of the greatest
integer function defined by

f(x) = [x], where [x] denotes the greatest integer less than or equal to x.

Solution First observe that f is defined for all real numbers. Graph of the function is given in Fig . From the
graph it looks like that f is discontinuous at every integral point.
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Case 1 Let ¢ be a real number which is not equal to any integer. It is evident from the graph that for all real
numbers close to ¢ the value of the function is equal to [c]; i.e. lim,_. f(x) = lim,_.[x] = [c], Alsof(c) =
[c] and hence the function is continuous at all real numbers not equal to integers.

Case 2 Let c be an integer. Then we can find a sufficiently small real number r >0 such that[c—r]=c-1
whereas [c + ] = c.

This, in terms of limits means that
lim f(x)=c—1
X—C
lim f(x)=c
x-cTt

Since these limits cannot be equal to each other for any c, the function is discontinuous at every
integral point.

Example 4 Show that the function defined by f (x) = sin (x2) is a continuous function.

Solution Observe that the function is defined for every real number. The function f may be thought of as

a composition g o h of the two functions g and h, where g (x) = sin x and h (x) = x2. Since both g and h are
continuous functions, by Theorem 2, it can be deduced that f is a continuous function.

Example 5 Show that the function f defined by f (x) = |1 — x + | x ||, where x is any real number, is a
continuous function.

Solution Definegbyg(x) =1—x+ |x|and h by h(x) =|x| for all real x. Then

(hog)(x) =h(gX)

=h(1-x+|x])

=|1-x + |x|| = f(x), is a continuous function.
Derivative: The rate of change of a quantity y with respect to another quantity x is called the derivative or
differential coefficient of y with respect to x.

Differentiation of a Function:

Let f(x) is a function differentiable in an interval [a, b]. That is, at every point of the interval, the derivative
of the function exists finitely and is unique. Hence, we may define



function g: [a, b] — R, such that, V¥ x € [a, b], g(x) = f'(x).

Fundamental Rules for Differentiation:

w & p R d . :
(1) — {ef(x)} = ¢ — - f(x), where ¢ is a constant.
dx dx

. . . d d
(i) —{f(x) £ g(x)} = — flx) + — g(x) {sum and difference rule)
dx dx dx
R AT : d , . d
() —{ f(x) g2 = f(x) — g(x) + gx) — fix' ule
T & f )dx g(x) gmdx f(x) (product rule)
Generalization If u,, u,, u,,..., u, be a function of x, then

d du
a = 1
= (Ly Ug Ug ... B, )= (T]x freoteq ... w, ]

s |
- “1( d“;] (teg ...ty ] + uqey (‘3‘3_)
A x

[u.su'f,,.. U.‘I + i [11]((2 i -L} [dun)

S i somen B
d {f(r)} :g‘*’ o f(x) - @ &(x) o
32 o (quotient rule)

18(x)7}

Different Types of Differentiable Function
Differentiation of Composite Function (Chain Rule)

If f and g are differentiable functions in their domain, then fog is also differentiable and (fog)’ (x) = f* {g(x)}
g’ (x).More easily, if y = f(u) and u = g(x), then dy / dx = dy / du * du / dx.

If y is a function of u, u is a function of v and v is a function of x. Then, dy / dx =dy /du * du/ dv * dv /
dx.In order to find differential coefficients of complicated expression involving inverse trigonometric
functions some substitutions are very helpful, which are listed below.

5.No. | Function | Substitution
| JZ -2 x=asin@oracos® -
(i) V“a!v, P x =atan® or acot
Gii) | \;'Xl’ _ x = 35ec B or acosec O

v X = 8cos 20

(v) | asinx + bcos x

(iv) ’ Ja+ x and Ja~x
|a=rcosa, b=rsina
(Vi) | JX —a and P - x x=asin’ 8+ Pcos’ @

"

(vil) v 2ax - x© l x=a(l-cosd)




Home Assignment:

CONTINUITY:

1.

f(x) =

Discuss the continuity of the following functions:

1-x™
a) f(x)= { lfxil} ; meN, at x=1.
—1 ifx=1
|x?— 1|
b) f(x)= { if x # 1} . atx=l.
4 ifx=1
x—|x|
c) f(x)= { fxio} ; at x=0.
2 Lifx=0

1—cos2x

d) f(x):{ oz U x#0 } © at X=0.
1+3x ,ifx=0

e) f(xX)=|x— 1|+ |x — 2| atx=1and at x=2.

S5x+|x|

If f(x)= { i x# 0} . Show that f(x) is continuous at x=0.
2,if x=0
2x+1,x <2
For what value of k is the function f given by f(x)= {k X = 2} IS continuous at X=2.
3x—1,x>2
1‘;‘;22" ,x <0
Find the value of k if the function f given by f(x)= 1 k, x = 0 ; is continuous at x=0.
il , x>0
x2—2x-3 lf X = —
Find the value of A so that f(x) = { x+1 } is continuous at x= -1.
A ifx=-1
2x—1,x <2
For what value of a is the function f given by f(x)= {a X = 2} IS continuous at x=2.
x+1,x>2

Find the value of a for which the function f defined by

asin=(x +1),x <0
2 ; ; -
f(X)= 1 anx —sinx Is continuous at x=0.
x—3 , X > O

A car driver is driving a car on the dangerous path given by
f(x)—{— x#0 ;; meN
—-1,x=0
Find the dangerous point (point of discontinuity) on the path.

Find the values of a and b so that the function f given by
1 ,ifx<3
ax + b,if 3 <x <5} iscontinuous at x=3 and at x=5.
7, if x=5
x*4+ax+b, 0<x<2

10. The function f(x) is defined as f(x) = {Bx + 2, 2<x<4

2ax+5b, 4<x<8
If f(x) is continuous on [0,8], find the values of a and b.



{::z DIFFERENTIABILITY:
1. Differentiate tan_l(

14cosx

) with respect to x.

sinx +cosx )

Differentiate w.r.t X : cos™1 ( =

V1 —x2
Differentiate w.r.t x:cos ™1 [W]

1+cos x)
sinx /'

Find Z—Z at le,yz% if sin®y + cos(xy)= k.
If xY+y*=a®, then find Z—i.
= tan(L 2\d?y dy _
If x=tan(= logy),show that (1+x°)——+(2x-a)——=0.
d 1-y2
8. IfV1—x2+/1~y? =a(x-y), prove that - = /ﬁ .

x+1 ox

9. Differentiate sin™* (21+3$3x ) with respect to x.

2
3
4. Differentiate w.r.t x :tan™? (
5
6
7




